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Abstract. A point-like dipole is the simplest and the most fundamental
source of non-stationary electromagnetic field. The problem of field produced
by this source and related problems are studied. The classical Hertz problem
in which the dipole moment has fixed direction and oscillating magnitude, is
actually equivalent to its variation, in which a dipole of constant magnitude
rotates uniformly. Besides, there exists the problem of the field produced by
an instantly polarized particle which is also equivalent the these two problems.
The main feature of the latter is that its solution describes the phenomenon of
free propagation of lines of force of fixed shape. All of them are studied first
in the framework of the theory of retarded potentials, then by straightforward
solving the Maxwell equations by the method of variables separation. The
method is applied to other generalizations of the classical Hertz problem, which
are problems of electromagnetic oscillations of a thin conducting rod and of
magnetic burst of an axially-symmetric closed coil. The latter is in the scope
because its solutions describe another case of free propagation of lines of force.
Solutions obtained by this method are expressed in terms of Whittaker and
Legendre functions and constitute a basis of “pure states” in the corresponding
Hilbert spaces as in quantum mechanics.
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Introduction

1. Point-like charge and point-like dipole in electrostatics

A point-like electric charge, suspended at rest, is the primary and the most
fundamental source of electric field. The main law of electrostatic interaction
has been formulated, first of all, for point-like charges. Interactions of complex
charge distributions reduce to that of their parts which, after all, reduce to
point-like charges. Thanks to the linearity of electromagnetic field, the potential
of a point-like charge

(1.1) Φq =
q

|~r|
can be used as the Green function for the Poisson equation:

(1.2) Φ(~r) =

∫

d~r′µ(~r′)

|~r − ~r′|
where µ(~r′) stands for spatial charge density, Φ is the potential produced by

it, and the measure d~r′ in the integral is the element of volume of the space.
Thanks to all this, the idea of point-like charge is reigning over electrostatics.

The second fundamental source of electrostatic field is a point-like dipole.
This object was invented with use of passage to the limit of two opposite electric
charges ±q placed in the endpoints of a vector 2~a, when q tends to infinity and
|~a| does to zero so that the vector ~d = 2q~a called the dipole moment, has finite

norm. A dipole with moment ~d produces the potential Φ~d which is sum of
potentials of its point-like charges

Φ~d = Φq(~r + ~a) − Φq(~r − ~a).

The potential of a point-like dipole can be obtained as the limit of this expres-
sion

lim[Φq(~r + ~a) − Φq(~r − ~a)] = 2~d · ∇
(

1

|~r|

)

.

Hereafter we denote the operator

~v · ∇f ≡ ~v ◦ f

7



8 INTRODUCTION

and call it the action of the vector ~v on the scalar f . Thus, by analogy to
the potential of a point-like charge (1.1), a point-like dipole with moment ~d
produces a potential equal to

(1.3) Φ~d = ~d ◦
(

1

|~r|

)

.

Though a point-like dipole is just a mathematical abstraction and does not exist
in nature, it plays an important role in electrostatics. The laws of charge-dipole
and dipole-dipole interactions are almost as fundamental as the Coulomb’s law,
besides, the law of interaction of two dipoles made it possible to understand
interaction of two small magnets that was the first step towards creating mag-
netostatics.

2. Point-like charge and point-like dipole in electrodynamics

On a non-relativistic level, all electromagnetic perturbations propagate in-
stantaneously, hence, potential of a dipole with varying dipole moment ~d(t)
is

Φ~d = ~d(t) ◦
(

1

|~r|

)

.

No wave propagation process is seen in this expression. On a relativistic level
such a dipole emits electromagnetic waves. To describe them, one has to solve
Maxwell equations with ~d(t) as the source.

Adopting time as the fourth dimension unified not only space and time,
but also electric and magnetic fields. In non-stationary state, these two fields
cannot be decoupled from each other and obey Maxwell equations which they
share alike. Fields of this kind contain electromagnetic waves unless they are
produced by charges, magnets, and currents moving uniformly. The case of
sources of electrostatic field moving uniformly is a subject of electrostatics,
whereas the main subject of electrodynamics deals with emission, scattering
and absorption of electromagnetic waves. Hereafter we consider only one of
these three phenomena, namely, emission of electromagnetic waves.

On the classical level, electromagnetic waves have non-stationary sources.
To study the phenomenon of radiation one needs the idea of the simplest and
fundamental source of electromagnetic radiation, which would play the same
role in this theory as point-like charge in electrostatics. The point-like charge
itself is the first candidate for this role. Indeed, since everything consists of
point-like charges, they are able to emit electromagnetic waves.

A point-like electric charge, suspended at rest and possessing varying mag-
nitude would be the best candidate for the simplest and the most fundamental
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source of electromagnetic radiation. As a spherically-symmetric source it would
emit spherically-symmetric waves. However, it is impossible because its magni-
tude is a conserved quantity. To emit radiation it must move non-uniformly and
to describe its radiation one needs to find the field of arbitrarily moving charge.
This problem seems to be quite solvable, because it is similar to the problem
of magnetic field of a thin wire carrying direct current. The only difference
is that the wire considered in the 3-space, is replaced by the time-like world
curve of the charge. Indeed, like the vector of current, which is tangent of the
wire everywhere and has constant norm equal to magnitude of the current, the
4-vector of current of a moving charge is everywhere tangent to its world line
and has norm equal to the magnitude of the charge multiplied by c2. So, before
trying to solve the problem of electromagnetic field of an arbitrarily moving
charge it would be reasonable to search for the solution of the spatial problem
of magnetic field of thin wire in standard texts on classical electrodynamics.
These texts provide only solutions for straight and circular conductors, since
integrals can be done analytically only in exceptional cases, so, hardly one can
hope to solve the same problem in space-time. Evidently, some simplification
of the problem is needed.

The problem can be simplified by the following assumptions: the magnitude
of the charge is very big and the amplitude of its oscillations about some fixed
points is negligibly small. In fact, this is the same idea which led to the notion
of point-like dipole. Indeed, passage to the limit q → ∞, ~a → 0 where q is again
magnitude of the charge and ~a stands for its deviation from the fixed point leads
to the notion of point-like dipole with ~d(t) = q~a(t) as its time-depending dipole
moment. As the result, we have a point-like source of electromagnetic field
fixed in the space, which consists of infinitely big charge which can be ignored
because it produces only a static field, and an oscillating dipole. It turns out
that this time it is dipole, not charge whom the role of the simplest and the
most fundamental source in electrodynamics, belongs.

3. The classical problem of Heinrich Hertz

A point-like dipole, suspended at rest, whose dipole moment depends on
time, was introduced as the simplest and the most fundamental source of elec-
tromagnetic radiation by H. Hertz. He considered only the case of fixed di-
rection of the dipole moment whose magnitude draws a harmonic oscillation
with fixed frequency. Below, we call the problem of radiation from this kind
of source “the classical Hertz problem”. Besides, we are going to consider its
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modifications and call them “generalized Hertz problems”. In this book we
present the general solution of all of them.

The general solution of the classical Hertz problem provides solutions of all
its generalizations due to linearity of the main equations. Indeed, if the spatial
direction of the dipole moment is fixed, but its magnitude is specified as an
arbitrary function of time, this function can be represented as a Fourier integral
that reduces the problem to the classical one. If the dipole moment has no fixed
direction in the space, it can be represented as a superposition of three dipoles
with fixed directions and so is the field produced by them. This fact makes the
Hertz dipole the simplest and the most fundamental source of electromagnetic
radiation and the classical Hertz problem the most fundamental problem of the
theory of electromagnetic radiation.

However, the Hertz dipole is not the only possible candidate for the most
fundamental source of dipole radiation. There exist other fundamental sources.
Let, for example, the magnitude of the dipole moment is fixed and the dipole
rotates with constant angular velocity. Though this source is not very inter-
esting from practical point of view, its magnetic analogue plays an important
role in astrophysics as a model of a pulsar [1]-[3]. From mathematical point
of view, this problem is as fundamental as the classical Hertz problem and all
generalizations of the latter reduce to this as well as to that one.

And finally, there exists one more interesting source of dipole radiation,
which also can be regarded as the fundamental one and which plays the cen-
tral role in this book. It is a dipole whose dipole moment behaves as a step
function of time. In practice it can be used as a model of a particle polarized
or depolarized at some moment of time. Though all versions of the problem of
dipole radiation considered above, are equivalent and reduce to each other, they
require different approaches. Considerations of the field produced by a particle
which was polarized at some moment of time, disclose some unexpected details
of the phenomenon of dipole radiation and mathematical methods used in other
cases.

4. Definition of retarded potentials

A point-like source of electromagnetic radiation, particularly, a dipole, sus-
pended at rest, is an ideal object for employing the method of retarded po-
tentials. By construction, retarded potential Ai(x) is result of action of some
linear operator on the source represented by its 4-current J i(x):

(4.1) Ai(x) =

∫

Gij(x, y) J j(y) d4y.
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The kernel of this integral operator Gij(x, y) is so-called Green function for the
Maxwell equations. In spherical coordinates, one of Green functions for the
d’Alembert equation has the form

(4.2) δ(t2 − r2) =
δ(t − r)

t + r
+

δ(t + r)

t − r
≡ 1

2
[G(ret)(t, r) + G(adv)(t, r)]

that is sum of retarded and advanced Green functions. Naturally, the retarded
Green function acts in the future light cone t = r and advanced Green function
does so on the light cone of the past −t = r. They produce retarded and
advanced potentials correspondingly. In case of point-like source, integration
is trivial because the domain of integration is reduced to a single point, hence,
so is the problem itself. However, theorists repeatedly encounter inexplicable
difficulties when trying to solve it. First of all, to represent solutions of the
Maxwell equations in the case of Hertz dipole, all authors but R.P. Feynman
[4] (see, for example, the books [5]-[7]) divide the space into “near” or “static”
and “wave” zones, though entire solution, if it is found, does not require the
space to be divided any way. Description of the dipole radiation found in these
books gives rise to some questions.

First, all authors write about electromagnetic fields, as if retarded Green
function were unique. It is known, however, that there also exist Green func-
tions of the form 1/(t − r)2 [9], which differ in the domain they are taken in.
The three domains are: inside the light cone of the future, inside the light cone
of the past or beyond the light cone, thus, even if the support of the Green
function must belong to the light cone of the future, there is a two-parameter
family of Green functions, whereas solution of the Maxwell equations vanishing
at infinity is unique. So, there should be a rule to specify which combination
is to be used. The second question is, what to do about a two-dimensional
space of the source-related fields constructed by integrating Green functions
and satisfying the same boundary conditions. In case of scalar field usage of
the retarded Green function is undisputed, but this does not mean that in case
of electromagnetic field it is exactly so for each component of electromagnetic
field. The third question arises when analyzing explicit form of the source as
current components when it turns out that none of authors noticed that repre-

sentation of the source like ~I = ~̇d is incomplete (see the Chapt.1 for details).
Explicit form of the strengths obtained from retarded potentials for the Hertz

dipole will be derived and analyzed below in the Sect. 2 of the Chapt. 1. The
endpoints of the lines of force seen on the Fig.1, if they really exist, signify
that there are electric charges in the space beyond the dipole, hence, due to the
Maxwell equations, divergence of the electric strength there is non-zero (see the



12 INTRODUCTION

Figure 1. Lines of force of the dipole field and the sphere r = t.

Sect. 5 for details). It must be pointed out, however, that this picture was not
obtained from analysis of the explicit form of retarded potential and exposes
rather an intuitive pattern. Nevertheless, the fact that considerations which
underlie the method of retarded potentials are able to lead to an expression for
the electric strength ~E which does not satisfy at least one of Maxwell equations,
namely, ∇ · ~E = 0, is somewhat harassing and require a detailed investigation.

5. Two distinct problems of the field of an instantly polarized

particle

Almost any change of charge or current distribution in the space produces
some electromagnetic radiation. The simplest change of this sort is instant po-
larization or depolarization of a particle. In this process, the particle dipole
moment behaves as a step-function. In classical electrodynamics, dipole mo-
ment have usually been considered to behave as a smooth function of time,
particularly, draw harmonic oscillations, as in case of Hertz dipole. In this sec-
tion we consider the case when a particle, which has neither electric charge nor
a dipole moment, is polarized at some moment of time t = 0 and produces the
stationary dipole field under t > 0. Due to the causality principle, the field is
non-zero only in the interior of the light cone r ≤ t, hence, the field seems to
be given by two well-known expressions, one for the interior of the light cone
where the field is nothing but potential produced by a dipole, and one for its
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exterior, where the strengths are identically zero. The sphere r = t expand-
ing with speed of light seems to carry endpoints of lines of force, particularly,
near the axis of symmetry. If it is so, the endpoints of lines of force of elec-
tric field signify presence of electric charge and the entire picture describes free
propagation of these lines obeying the causality principle.

The notions of causality and lines of force seem to belong to different areas
of physics: the earlier is known to be consequence of special relativity while
the latter ordinarily characterizes stationary electric and magnetic fields. Non-
stationary electromagnetic fields are usually being represented in the form of
plane wave decompositions which provide no certain shape of lines of force.
At the same time, there exist situations when a non-stationary field possesses
certain lines of force. Below, we consider two situations of this sort in which
behavior of lines of force is governed solely by causality. They occur when the
field domain is restricted with causal boundary such that the field has certain
stationary form inside some luminal surface and identically zero beyond it.
This happens when some source, whose field in stationary case is known, and
which is not a conserving value, is “switched on” or “off”. If the lines of force
break on the surface, one encounters the following paradox: on one hand, since
lines of force have endpoints on the surface the latter carries corresponding
electric, on the other hand, due to the problem under consideration, no luminal
charge density should appear. Evidently, describing the phenomenon of free
propagation of lines of force which are cut on some causal surface demands,
first of all, to clear the matter up, whether it is so, and second, to resolve
this paradox. It turns out that the problem is quite similar to the problem of
shielding out a dipole by a sphere.

At each moment of time, the field is non-zero only inside a sphere about
the particle, so, the source of the field looks as if it was shielded somehow by
the surface. Evidently, to shield out the dipole, one needs the opposite dipole
moment and to do it by the spherical surface, the opposite dipole should be
distributed somehow on the sphere. As such, halves of the sphere must carry
opposite charges that leads to a strange conclusion that there must be some
non-zero electric charge distribution on the sphere r = t. On the other hand,
the problem is defined quite clearly, to find out the filed only of a particle which
is polarized at the moment of time t = 0. No other electric charge distribution
in the space is assumed, therefore no other electric charges traveling with speed
of light should appear, otherwise these considerations have nothing to do with
solution of the initial problem. The difference is that in the original definition
of the problem the total dipole moment in the space changes and due to the
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field specified by the retarded potential, it remains equal to zero and apparently
provides solution of another problem, which could well be posed as follows. Let
a particle decays into two parts, one is a polarized particle, another is a sphere
expanding with speed of light and carries away the opposite dipole moment
such that the sphere exactly shields out the new particle‘s dipole moment.
Appearance of electric charge density in this case is expected and corresponds
to the task definition. Thus, there exist, at least, two distinct problems of
instant polarization of a particle, one simple (the total dipole moment changes)
when a particle which had zero dipole moment becomes a dipole, and one
complicated (the total dipole moment conserves) when the particle decays into
two objects whose total moment is zero. Both of them are well-defined and
admit correct solutions, hence, there exist two distinct solutions of the Maxwell
equations, which provide solutions of these two problems. If the total dipole
moment of the particle varies smoothly and the total moment in the space
is always equal to zero, there must be some continuous charge density in the
space to carry the moment away. It sounds somewhat strange, but in case of
magnetic dipole this charge would be magnetic. It will be showed in this book
that slight modification of retarded potentials, which could be called that of
“retarded strengths” provides solution of the latter.

6. Maxwell equations, simple and double layers and gradient

transformations

In this book we solve Maxwell equations

∇ · ~E = 4πµe, ∇ · ~H = 4πµm(6.1)

∇× ~H = 4π~Ie + ∂ ~E
∂t

∇× ~E = −∂ ~H

∂t
+ 4π~Im

where we have introduced densities of electric µe and magnetic µm charge and
electric ~Ie and magnetic ~Im currents. Though magnetic charge and its current
do not exist, these terms are useful when analyzing expressions obtained when
solving the Maxwell equations, particularly, obtained from retarded potentials.
There exists a general rule in mathematics, which reads: whenever a differential
equation is solved, the solution obtained must be checked by substituting it into
the original equation. Doing so, we need to substitute expressions for electric
and magnetic strengths obtained from retarded potentials into the Maxwell
equations which contain all possible terms, to see, what electric and magnetic
sources actually produce them.
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In reality, magnetic lines of force have no endpoints, electric ones have only
in electric charges. However, retarded potential of an instantly polarized par-
ticle provide strengths which are stationary inside the luminal sphere r = t, on
which the lines of force apparently have endpoints (Fig.1). To explain this phe-
nomenon we need to analyze stationary electric and magnetic fields possessing
discontinuities. Discontinuities of stationary fields on a surface signify presence
of their sources on it, which, in general, are surface densities of electric and
magnetic charges and currents. The densities can be found from the Maxwell
equations by using the theory of simple and double layers.

Unlike the ordinary electrostatic and magnetostatic problems, where bound-
ary conditions can be specified by putting densities of magnetic charge and
current equal to zero, in this case the filed is already known and it remains to
extend this theory with these kinds of sources. The extended theory of simple
and double sources yields the following equations

δE⊥ = 4πσe, |δ ~E‖| = 4π|~jm|, (δ ~E ·~jm)(6.2)

δH⊥ = 4πσm, | ~H‖| = 4π|~je|, (δ ~H ·~je) = 0,

where δ ~E and δ ~H denote discontinuities of the strengths, σe and σm stand for
surface densities of electric and magnetic charges, ~je and ~jm l – surface densities
of electric and magnetic currents on the surface.

Maxwell equations for electromagnetic waves in empty space have zero source
terms which are (electric and magnetic) charge and current densities. The
source-free Maxwell equations remain invariant under the duality transforma-
tion

(6.3) ~E → ~H, ~H → − ~E.

If they are solved properly, substituting the strengths obtained into the equa-
tions (6.1) shows that the right-hand sides, which are electric and magnetic
charge and current densities, are identically zero, otherwise they yield some
non-zero expressions which are to be interpreted as the sources of the field
needed to produce the strengths obtained this way. For example, if retarded
potentials yield an expression for the electric strength ~E which has non-zero di-
vergence, substituting it into one of the Maxwell equations yields certain density
of electric charge in the space, equal to ∇ · ~E divided by 4π. Correspondingly,
the strengths obtained this way are produced by this charge density, hence,
they are not strengths of electromagnetic wave in the empty space.

Explicit form of the electric strength obtained from the retarded potential
for a Hertz dipole is found in the book [5], equation (9.18) on the page 271, in
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our notations:

~H = k2(~n × ~d)

~E = ~H × ~n

where ~n is unit vector directed from the dipole. Note that the vector ~H is
strictly azimuthal, thus has only ϕ-component, then the vector ~E possesses
only θ-component. Now divergence of ~E can be calculated with use of the
formula for divergence of a vector in spherical coordinates found in the book
[12], equation (92) on the page 52. Divergence of this component has the form

1

r sin θ

∂

∂θ
(Eθ sin θ)

and since other components are zero, this expression is exactly ∇ · ~E. It can
be zero only if Eθ is proportional to inverse sin θ. However, the expression for
~E contains only positive powers of sin θ. Consequently, ∇ · ~E 6= 0. Similarly,
checking out the strengths obtained from retarded potential for magnetic dipole
seem to yield a non-zero density of magnetic charge. This is another reason to
include magnetic charge and current densities.

Usually, when considering electromagnetic waves, it suffices to introduce a
purely space-like vector potential ~A whose derivatives provide both strengths
in the form

(6.4)
∂ ~A

∂t
= ~E, ∇× ~A = ~H

Substituting this into the Maxwell equations (6.1) leads to something similar
to the d’Alembert equation for the vector potential, but there is an important
difference. The d’Alembert operator, as well as the Laplace operator, is defined
for scalar functions whereas ~A is a vector, besides, double curl which appears
this way, is not exactly the Laplace operator. Consequently, in general, Green
functions for the d’Alembert equation cannot be used as if they are Green
functions for the Maxwell equations and hence, solutions of the d’Alembert
equation do not constitute a full-valued substitution for that of the Maxwell
equations. That is why it happens that retarded potentials provide wrong
solutions of the source-free Maxwell equations.

As seen from the equations (6.4), the vector potential is ambiguous. So-called
gradient transformation

(6.5) ~A → ~A + ∇Φ
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where Φ is an arbitrary scalar function, leaves both the strength invariant. This
transformation will be used when constructing the field of an instantly polarized
particle.

7. Brief contents of this book

Since in this book we emphasize the mathematical aspects of the subject, it
is convenient to use dimensionless system of units. So, we put the speed of light
equal to one and, suppose that all lengths are related to some unit of length,
so that all distances are dimensionless. When considering electromagnetic ra-
diation possessing a certain frequency ω we use it as the inverse unit of length.
This allows us to write expressions like δ(t − r) despite that the argument of
such a distribution must be strictly numerical.

In the Chapt. 1, the exact retarded potential for a Hertz dipole with given
magnitude, direction and frequency is constructed and it is shown that the
strengths obtained from it do not satisfy the source-free Maxwell equations.
Then the phenomenon of instant polarization of a point particle is studied.
As the result, the theory of retarded potentials is modified and it turned out
that modified theory provides solution of the problem of instant polarization
under which the opposite dipole moment runs away with speed of light. In
the Chapt. 2, we consider an auxiliary problem of complete shielding of an
arbitrary source of stationary electric and magnetic field by surface densities
of electric charge and current on a given surface. Afterwards, we use these
results to introduce another modification of the notions of retarded potential
and causal shielding of an instantly polarized particle. The result actually
provides solution of the problem of the field of an instantaneously polarized
particle. In the Chapt. 3, the field of a Hertz dipole is considered. Analytical
solutions of the Maxwell equations are found which show that the method of
retarded potentials provides only an asymptotical solution. The field of the field
of rotating dipole is found and it is shown that the total angular momentum of
the field is zero. Then we pass to the problem of electromagnetic oscillations of
a conducting rod. Solutions of the Maxwell equations for this case are obtained
in prolate spheroidal coordinates. In the Chapt. 4, we outline a solution of
the Maxwell equations free propagating of closed lines of force. Each of these
chapters contains a special section entitled “Conclusions”, in which the main
results are briefly formulated. The main results of our research, presented in
this book, are outlined in the Chapt 5. which is also entitled “Conclusions”,
but in less formal manner than in the closing sections of the previous chapters.
Besides, the book contains a special chapter entitled “Appendices” in which we
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demonstrate the main mathematical methods used for reducing the Maxwell
equations to ordinary differential equations.
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CHAPTER 1

The retarded potential of a dipole and the method of retarded

strengths

1. Hertz dipole as a source of an electromagnetic field

In Maxwell equations (6.1), the source of electromagnetic field is represented
by certain densities of electric and magnetic charges and currents, whereas a
Hertz dipole provides only its dipole moment ~d(t). Therefore, to solve these
equations, we need, first of all, to represent this source in the standard form of
charge and current densities, which corresponds to this dipole moment. Usually,

one identifies this source with its current ~I = ~̇d [4]-[7] which possesses single
spatial component, say, Iz = ωdzδ

3(r) sinωt where dz is magnitude of the dipole
moment, ω is its frequency. It must be pointed out, however, that the dipole
possesses also a non-zero charge density because any straight current confined
in a restricted segment inevitably accumulates electric charge in its endpoints.
Consequently, a Hertz dipole possesses a non-zero oscillating charge density
which must be taken into account as well as the current. In this section we find
out this density for a given Hertz dipole.

To find this density, note that the current ~I and charge µ densities satisfy
the following conservation law:

(1.1)
dµ

dt
+ ∇ · ~I = 0

from which µ can be found as follows. First, note that the 3-dimensional δ-
function takes different form in different coordinate systems. For example, in
round cylinder coordinates {z, ρ, ϕ} with the measure of volume integration
dz · dρ · ρ dϕ the 3-dimensional δ-function is
(πρ)−1δ(z)δ(ρ) because the domain of integration over ρ starts at ρ = 0 that
yields the factor 1/2. In case of Hertz dipole with fixed spatial direction this
coordinate system is the most convenient because the current has single spatial
component and so is the vector potential (6.4). Now, divergence of ~I is

(1.2) ∇ · ~I =
ωdz

πρ
δ′(z)δ(ρ) sinωt,

19
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consequently, the charge density is

(1.3) µ =
dz

πρ
δ′(z)δ(ρ) cosωt.

Derivative of the δ-function seems to be somewhat unusual kind of charge
density. Nevertheless, it is exactly in accord with the passage to the limit which
underlies the notion of a point-like dipole considered in the previous chapter.
To show this, let us consider electrostatic potential produced by this charge
density as it appears in the equation (1.2). For simplicity, we put the dipole
moment equal to one, thus, the potential has the form

Φ =

∞
∫

−∞

dz′
∞
∫

0

ρ′ dρ′
2π
∫

0

dϕ
δ′(z′)δ(ρ′)

πρ′
√

(z − z′)2 + ρ2
=

=

∞
∫

−∞

dz′
δ′(z′)

√

(z − z′)2 + ρ2
=

∂

∂z

1
√

z2 + ρ2

that is exactly coincides with the equation (1.3) with unit dipole moment. Thus,
finally, we have obtained both charge and current densities for a Hertz dipole,
which are

(1.4) Iz =
ωdz

πρ
δ(z)δ(ρ) sin ωt, µ =

dz

πρ
δ′(z)δ(ρ) cosωt.

Now, let us consider a point-like magnetic dipole. Such a dipole can be
obtained as the limit of an infinitesimally-thin conducting ring lying in the
plane z = 0, carrying electric current I. Magnetic moment of such a ring is
equal to aI, where a is its radius, so, to get a point-like source we need to
pass to the limit a → 0, I → ∞ such that their product is finite. The main
feature of this limit is that the current density cannot be concentrated in the
point because afterwards we multiply it by the distance from the center. In
this situation the current density j can only be defined as derivative of the
δ-function,

(1.5) j =
δ′(ρ)

ρ

because only in this case we have the proper form of the density of magnetic
moment which after integration yields the value of magnetic moment (equal to
one in this case).
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Now, let us look, what potential is produced by this current density. Multi-
plying the density by the same Green function and integrating yields:

| ~A| =

∞
∫

−∞

dz′
∞
∫

0

ρ′ dρ′
2π
∫

0

dϕ
δ(z′)δ′(ρ′)

πρ′
√

(z − z′)2 + ρ2
=(1.6)

=

∞
∫

−∞

dz′
δ′(z′)

√

(z − z′)2 + ρ2
=

∂

∂ρ

1
√

z2 + ρ2
.

It must be pointed out that in this case we misuse the method of Green func-
tions. The point is that we apply the Green function for a scalar field to a
vector. Usually, this procedure is being justified by the arguments found in
the M. Born and E. Wolf monograph [8] which consists in the following. In
standard Cartesian coordinates, the operation ∇ × ∇× (double curl) can be
replaced by the Laplacian due to the identity

∇×∇× ~A = ∇(∇ · ~A) −△ ~A,

proviso that the vector has zero divergence. The same can be done in cylin-
dric coordinates only if the operations are applied to the component Az of the
vector, because this component is, actually, a Cartesian one. In case case of
ϕ-component whose divergence is zero, its minus double curl is not equal to its
ordinary Laplacian. Nevertheless, the result obtained coincides with the vector
potential of a point-like magnetic dipole given by the equation (0.1) of the next
chapter. This coincidence will be discussed in the Chapt.3. So, it looks like that
retarded potential can be used in the case of an instantly magnetized particle.

2. The retarded potential of a Hertz dipole

To obtain the explicit form of the retarded potential for a Hertz dipole of unit
magnitude and frequency ω with direction fixed in the space as the z-axis, we
substitute the densities given by the equations (1.4) into the equations (4.1) and
(4.2) and integrate them. In round cylinder coordinates the retarded potential
possesses two non-zero components which are the time component Φ and the
z-component Az produced by charge and current densities correspondingly. In
both cases the integrand contains either product of two δ-functions or of one
δ-function and one its derivative, which depend on different variables. This
fact creates no problems because the domain of integration is 4-dimensional
and integration over the time coordinate removes one of them. In both cases
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we use the retarded Green function in the form

G =
2δ
(

t − t′ −
√

(z − z′)2 + ρ2
)

(t − t′) +
√

(z − z′)2 + ρ2

which is valid only for singular sources concentrated on the axis ρ = 0, hence,
the variable of integration ρ′ is identically zero and we do not need to include
it into the Green function. For simplicity, we put again the magnitude of the
dipole equal to one.

To obtain explicit form of the time component of the potential Φ, consider
the integral over 4-dimensional domain

Φ =

∞
∫

−∞

dt′
∞
∫

−∞

dz′
∞
∫

0

ρ′ dρ′
2π
∫

0

dϕ′ ×

× δ′(z′)δ(ρ′)

πρ′
cos ωt′

2δ
(

t − t′ −
√

(z − z′)2 + ρ2
)

(t − t′) +
√

(z − z′)2 + ρ2
.

After integrating over the time and radial coordinates where the value of t′ fixes
as

(2.1) t′ = t −
√

(z − z′)2 + ρ2

(retarded time). Now, integration over z actually differentiates the integrand
on this variable, and the ϕ integration is trivial, and as the result, we have

Φ =
∂

∂z

cos ω
(

t −
√

z2 + ρ2
)

√

z2 + ρ2
.

Finally,

Φ =
ωz sinω(t − r)

r2
− z cosω(t − r)

r3

where r stands for the distance from the dipole, which is equal to
√

z2 + ρ2.
Surprisingly enough, that the field which was believed to be purely radiative,
possesses a non-zero time-like component of the vector potential. The next task
is to obtain the component Az. For this end, we consider another integral over
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4-dimensional domain,

Az =

∞
∫

−∞

dt′
∞
∫

−∞

dz′
∞
∫

0

ρ′ dρ′
2π
∫

0

dϕ′ ×

× ω

πρ′
δ(z′)δ(ρ′) sinωt′

2δ
(

t − t′ − c−1
√

(z − z′)2 + ρ2
)

(t − t′) +
√

(z − z′)2 + ρ2
.

In this case integration is simpler because the integrand does not contain de-
rivative of the δ-function, thus, the result does not contain the differentiation
operator. Again, integration over time and radial coordinates is trivial and
replaces t′ with the expression (2.1) and finally, we obtain the well-known ex-
pression for the desired component

Az =
ω sinω(t − r)

r
.

As the result, we have the complete retarded potential of Hertz dipole of unit
magnitude in the z-direction and frequency ω:

Φ =
ωz sinω(t − r)

r2
− z cosω(t − r)

r3
(2.2)

Az =
ω sin ω(t − r)

r
.

Appearance of the time component Φ of the vector potential shows that repre-
sentation of the electric strength in the equation (6.4) is incomplete. Moreover,
ignoring it leads to an apparently wrong expression of the field of dipole under
ω = 0. Contrary to expectations, the potential obtained does not look like that
of electromagnetic wave. Its time component contains two terms, one propor-
tional to ω/r and one proportional to 1/r2, none of which possesses properties
of radiation, though the z-component of the vector potential coincides with that
of non-relativistic representation of the potential of the Hertz dipole [4]-[7].

The strengths of the electromagnetic field which correspond to the retarded
potential can now be obtained, but, in fact, they are of no use because they do
not satisfy the source-free Maxwell equations under r 6= 0. To see this it suffices
to consider one of them, namely, the source-free Maxwell equation ∇ · ~E = 0
that contains Laplacian of Φ and the second t and z derivative of Az. Evidently,
the left-hand side of this equation contains four different functions multiplied
by powers 0 to 3 of ω, which must disappear separately because this equation
is valid under arbitrary ω. Nevertheless, two of them come out identically zero
and two others have amplitudes linear on ω and ω2. It turns out that both of
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them are non-zero and electric charge density needed to produce the retarded
potential (2.2) is

(2.3) µ =
2ω2z

4πr3
ω2 sin ω(t − r) − 2ωz

4πr4
sin ω(t − r)

(.4). Consequently, electric strength obtained from the retarded potential for a
Hertz dipole, does not satisfy at least one of the source-free Maxwell equations
and hence, this expression has nothing to do with radiation from this object.
The non-zero divergence of the electric strength exposes presence of electric
charge density in the space which can be calculated from the corresponding
Maxwell equation (6.1). Note, that the duality transformation (6.3) replaces
the electric dipole with magnetic one and, correspondingly, specifies a non-zero
magnetic charge density in the space which can only produce magnetic strength
obtained from the retarded potential.

3. Retarded potential of an instantly polarized particle

Consider a point particle which has zero electric charge and magnetic and
dipole moments, whose state changes at the moment of time t = 0 such a way
that its dipole moment becomes non-zero, thus, behaves like the well-known
step function ϑ(t). This phenomenon is called polarization of the particle.
Below we consider electromagnetic field of a particle polarized at the moment
of time and assume that after that its dipole moment ~d remains constant in its
magnitude and direction. To obtain the field in question, we need to solve the
Maxwell equations with the dipole moment as the source, thus, first of all, to
specify the source as electric charge and current densities. The charge density
of a point dipole has the form (1.3), hence, the charge density of the particle
under consideration has the form

µ =
dz

πρ
δ′(z)δ(ρ)ϑ(t)

and it remains to find out the corresponding current density from the equa-
tions (1.1,1.1). Substituting this charge density into the equation leads to the
following solution:

(3.1) µ =
dz

πρ
δ′(z)δ(ρ)ϑ(t), Iz = − dz

cπρ
δ(z)δ(ρ)δ(t).



3. RETARDED POTENTIAL OF AN INSTANTLY POLARIZED PARTICLE 25

The time and z-components of the retarded potential for an instantly polar-
ized particle have the form of integrals considered above, thus,

Φ =

∞
∫

−∞

dt′
∞
∫

−∞

dz′
∞
∫

0

ρ′ dρ′
2π
∫

0

dϕ′ ×

× dz

πρ′
δ′(z′)δ(ρ′)ϑ(t′)

2δ
(

t − t′ − c−1
√

(z − z′)2 + ρ2
)

(t − t′) +
√

(z − z′)2 + ρ2
.

Again, integration over the variable t′ yields the equality (2.1) with the addi-
tional restriction ct ≥ r so that

Φ =

∞
∫

−∞

dz′δ′(z′)
dz

r
= dz

∂

∂z

(

ϑ(t − r)

r

)

that is almost exactly the dipole potential “switched on” at the moment of
time t = 0. The difference is that the potential contains an extra δ-function
singularity which appears when differentiating the ϑ-function. Hereafter we
ignore this singularity considering the retarded potential everywhere beyond
the two sources of the electromagnetic field in question, which are confined
only in the origin of coordinates and the sphere, thus, have measure zero.

In any case, the lines of force are cut off by the sphere r = t. This represen-
tation is incomplete, because there also is the non-zero current density Iz given
by one of the equations (3.1), which produces the corresponding z-component
of the vector potential. To obtain it, we need to calculate the following integral:

Az = −
∞
∫

−∞

dt′
∞
∫

−∞

dz′
∞
∫

0

ρ′ dρ′
2π
∫

0

dϕ′ ×

× dz

cπρ′
δ(z′)δ(ρ′)δ(t′)

2δ
(

t − t′ − c−1
√

(z − z′)2 + ρ2
)

(t − t′) +
√

(z − z′)2 + ρ2
.

In this case integration is trivial and finally we have the following representation
of the retarded potential of a dipole “switched on” at t = 0:

Φ = dz
∂

∂z

(

ϑ(t − r)

r

)

Az = δ(t − r)
dz

r
.
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It is seen that this form of potentials produces too many singularities. Applying
the d’Alembert operator to its time component Φ yields the single non-zero term
equal to δ(t− r) multiplied by the radial component of ∇Φ, that is exactly 4π
multiplied by the surface charge density which corresponds to the endpoints of
the lines of force. The term proportional to δ′(t− r) is identically zero because
so is combination of the second derivatives in the d’Alembertian of any function
of single variable (t − r). Hence, in this case the retarded potential does not
provide any solution of the source-free Maxwell equation and it remains unclear,
whether it yields solution of the problem of a particle decay into a polarized
particle and anti-polarized expanding sphere r = t. However, such a decay
can be described by retarded strengths which can be obtained by replacing the
retarded potentials with the modified expressions

Φ = dzϑ(t − r)
∂

∂z

(

1

r

)

(3.2)

Az = δ(t − r)
dz

r

and defining the retarded strengths as follows:

~Eret = dzϑ(t − r)∇ ∂

∂z

(

1

r

)

− δ(t − r)
∂

∂t

dz

r
~nz(3.3)

( ~Hret)ϕ = δ(t − r)
∂

∂ρ

dz

r

(here the ϕ-component of the magnetic strength is equal to its length, nz is the
unit vector collinear with the z-axis).

4. Retarded strengths of an instantly polarized particle

As expected, electromagnetic field of an instantaneously polarized particle is
stationary inside the sphere r = t and zero beyond it, thus, it has certain lines
of force inside the sphere and the entire solution should describe the process
of free propagation of the lines of force. However, at the moment, it is not
clear, whether retarded potentials describe this phenomenon or something else,
namely, the dipole moment carried away by the sphere expanding with speed
of light. If there are no sources of electromagnetic field under r 6= 0, retarded
potentials describe the earlier, otherwise it does something else. In this section
we analyze the strengths obtained from the retarded potential and show that
they do not satisfy the source-free Maxwell equations. Instead, they expose
presence a source of the field on the expanding sphere.
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Inside the sphere, the electric field is exactly as the field of a stationary dipole
and on the sphere its lines of force are cut, thus have endpoints and it is easy to
calculate the corresponding surface charge density from one of equations (6.2).
Due to these equations, finite jumps of the normal and tangential components
of the strengths signify presence of some sources of the fields, which reveal as
surface densities of charges and currents. In spherical coordinates {r, θ, ϕ} the
normal component of the electric strength inside the sphere r = t is

E⊥ =
∂Φ

∂r
=

dz cos θ

r3

and since beyond the sphere the strength is zero, this expression specifies the
jump of E⊥, hence, the surface density of electric charge on the sphere has the
form

σe =
dz cos θ

4πr3
.

Note that integral of this electric charge distribution multiplied by r cos θ, over
the sphere yields the total dipole moment on the sphere. Since this quantity
does not depend on r, it remains constant on the expanding sphere that signifies
that the charge density carries away the dipole moment of the polarized particle.
Besides, there is also jump of the tangential component of the electric strength
which on the sphere is equal to

| ~E‖| =
1

r

∂Φ

∂θ
= −dz sin θ

r2
.

Since on the outer side of the sphere the electric strength is zero, this expres-
sion specifies the jump of the tangential component. Substituting it into the
corresponding equation (6.2) yields the surface density of magnetic current or-

thogonal ~E‖. Alternatively, we can consider the entire form of the Maxwell
equations and check out if this jump can be explained by the δ-function sin-
gularity of toroidal magnetic strength (3.3). The tangential component of the
magnetic strength has the form of δ(t − r) multiplied by the function

∂Az

∂ρ
= −dzρ

r3
= −dz sin θ

r2

that is exactly the jump of ~E‖. In fact, expansion of the sphere with speed of
light replaces the magnetic current with the corresponding current of displace-
ment. This phenomenon will be used in the next chapter.
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5. Conclusion

In this chapter, we tried to apply the method of retarded potentials to the
problem of electromagnetic field of an instantaneously polarized particle. Since,
due to the causality principle, the lines of force are cut on the sphere r = t,
which expands with speed of light, we presumed that the solution to be found
describes the phenomenon of decay of an originally non-polarized particle into a
polarized particle and an object which is an infinitesimally-thin sphere expand-
ing with speed of light and which carries away the opposite dipole moment such
that the total dipole moment in the space remains equal to zero. The explicit
form of the retarded potential is found and it turns out that it produces too
many singularities when calculating the field strengths. Therefore we decided
to modify the theory of retarded potentials replacing it with the theory we
called “the theory of retarded strengths”. The theory can be formulated com-
pletely by defining retarded strengths obtained from the vector potential, by
differentiating only the Green function factor, but such a theory is actually of
no use. Analysis of the explicit form of retarded strengths shows that they sat-
isfy Maxwell equations for electromagnetic field produced by two sources, one
of which is an instantly polarized particles, another – the infinitesimally-thin
sphere which carries away the opposite magnetic moment and expanding with
speed of light. Unlike retarded strengths, retarded potential creates extra sin-
gularities. Indeed, differentiating its components (3.2) yields strengths whose
components contain derivatives of the δ-function. As for the retarded strengths,
they describe the field of this two objects and, thereby, solution of the problem
of the field of decay of an initially non-polarized particle into the two objects.

Now we can resume our conclusions.

(1) Components of charge and current densities of a Hertz dipole provided

in almost all books on classical electrodynamics (~I = ~̇d) is wrong. The
right representation which contains also the charge density, is presented
by the equations (1.4).

(2) Retarded potential of a Hertz dipole provided in almost all books on
classical electrodynamics which does not contain the time component
Φ of the potential, is wrong. The right representation which contains
both spatial and time components of the potential, is presented by the
equations (2.2).

(3) Neither the complete retarded potential, nor its generally accepted in-
complete form provide solutions of the source-free Maxwell equations.
At least one of these equations, namely, ∇ · ~E = 0, is broken. Electric
strength as it is found from retarded potential, corresponds to electric
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charge density presented in the equation (2.3). Consequently, retarded
potentials have nothing to do with solutions of the Maxwell equations
and need, at least to be modified.

Now, we pass to the original problem of the field of an instantly polarized
particle without luminal charges. It turns out that solution of this problem
requires another modification of the theory of retarded potential, but, before
doing it, something else is to be done. The point is that in this case the problem
of endpoints of the lines of force is to be solved without appearance of any extra
sources of the electromagnetic field. In other words, there must not be endpoints
of the lines and the problem should be solved in terms of source-free solutions
of the Maxwell equations. However, to do it, we need first to study the terms to
be eliminated. Therefore, first, we consider the auxiliary problem of screening
of an arbitrary stationary source of electric and magnetic field.





CHAPTER 2

The field of instantly polarized particle

. . .

(0.1) A(z, ρ) =
ρ2

(z2 + ρ2)3/2
.

(0.2) Φ = θ(t − r)Φ~d(r, θ, ϕ), ~A = θ(t − r)∇Ψ

31
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is zero too. To do so note that

∇× [~n ×∇Ψ] = −~n(∇ · ∇)Ψ + ∇(~n · ∇)Ψ =

= −~n∆Ψ + ∇ ∂

∂r
Ψ = ~n∆Ψ −∇Φ.

Again, it is seen that differentiating the first term on r gives △Φ that is zero
and, hence, this r-independent term vanishes everywhere, so,

∇× [~n ×∇Ψ] = ∇Φ,

consequently, the δ-term is also zero. Substituting this into the expression for
the current density 4π~I shows that it is identically zero. However, the form
(0.2) does not represent the field of “switched on” dipole, because, though the
charge and current densities are eliminated, there also exists the last equation
(6.1) with magnetic current as the source which still is not solved, because the
strengths do not satisfy it. In any case, the method of retarded strengths cannot
be used for obtaining solutions in case of smoothly varying dipole moments and
hence, for solving the original H. Hertz problem.

1. Conclusions

We started this chapter with the problem of shielding of arbitrary stationary
sources of electric and magnetic field to see what surface densities of electric
charge and current on a given surface shield out these sources. After these
densities have been found we passed to the problem of causal shielding, sup-
posing that expanding of the surface with speed of light makes it possible to
replace the shielding surface densities with a singularities of strengths of the
fields. In other words, we tried to replace the shielding current with the current
of displacement on the surface, using its expansion.

Now, let us resume the results of this chapter.

(1) Our first modification of the method which replaces retarded potentials
with retarded strengths, does not provide the correct solution of the
Maxwell equations.

(2) In case of instant magnetization, retarded strengths constitute a quite
realistic description of the process of free propagation of lines of force
because, at least, endpoints of lines of force field in the case of electric
polarization are eliminated.

(3) The speed of propagation equals the speed of light. However, the field
has one unusual property: unlike all plane waves the field is apparently
non-orthogonal to the direction of propagation.
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(4) Another modification of the method of retarded potentials removes the
shielding current density by the current of displacement adding a term
which acts as a gauge transformation inside the sphere r = t, but is
identically zero beyond it. The additional term which specifies the gra-
dient transformation, is multiplied by the step function ϑ(t), therefore,
it yields the desired singularities on the expanding sphere.

All this means that no modifications of the method of retarded potential can
help to do it, the Maxwell equations are to be solved as they stand, that will
be done in the next chapter.



CHAPTER 3

The original Hertz problem and its simplest generalization

. . .

sinh u

(

U ′

sinhu

)′
+
(

ω2 sinh2 u − k2
)

U = 0(0.1)

sin v

(

V ′

sin v

)′
+
(

ω2 sin2 v + k2
)

V = 0,

Eu = U(u)V ′(v) cosωt,(0.2)

Ev = −U ′(u)V (v) cosωt,

Hϕ = −U(u)V (v) sinωt

43
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The current I in a given point of the rod is equal to the limit of the contour
integral

I = lim
u→0

∫

Hϕ dϕ

and must be zero in the limit

lim
v→0

∫

Hϕ dϕ

under v equal to 0 or π.
Since right now exact solutions of the equations (0.1) are unknown, it remains

to find out approximate analytical solutions for the “wave zone” where sinh u
and coshu are essentially larger than one. In this zone we can neglect sin2 v in
the nominator of the first term of the equation (??) and replace sinh u with the
new variable r = eu. As the result, the equation turns into the equation (??)
solved above, but now we need more general solutions because in this case we do
not need to restrict the scope with the single value of the integer l as in the case
of Hertz dipole and employ the general solution which is Whittaker function
M5/2,±(2l+1)/2(ωr) and which describes electromagnetic field of a conducting rod
at large distances.

1. Conclusions

In this section, we resume the results of this chapter.

(1) The classical Hertz problem reduces to a single partial differential equa-
tion which is similar to equations found in standard texts on mathemat-
ical physics and could be solved the same way.

(2) Solution of his equation is found and the explicit form of the field
strengths is presented.

(3) This solution resembles solutions of all known solutions of the equations
of mathematical physics, in particular, it has the form of product of
single variable functions which depend on time and spatial coordinates.
One of these factors, which depend on the spherical radius, is the Whit-
taker function M5/2,±3/2(ωr) which cannot appear under constructing
the solution by the method of retarded potentials for a Hertz dipole.

(4) A thin conducting rod which carries oscillating charge and current densi-
ties, represents the simplest generalization of the notion of Hertz dipole.
The problem of electromagnetic field produced by these oscillations, re-
duces to the Maxwell equations, which, in turn, reduce to a single partial
differential equation similar to that appeared in the classical Hertz prob-
lem.
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(5) The equation obtained possesses the same properties, but its boundary
conditions are specified in prolate spheroidal coordinates. Particular so-
lutions of this equation form an orthonormal basis in the Hilbert space of
electromagnetic fields and specify an orthonormal basis in the functional
space of charge and current densities on the rod.

(6) Solutions of this generalization of the classical Hertz problem would de-
scribe electromagnetic fields of the dipole antenna, proviso that a theory
of special functions defined by the equations (0.1) is created.

(7) Asymptotical solutions for the field of conducting rod, are represented
as the ϕ-component of the vector potential which yields the dual to the
strengths, contain the Whittaker functions
M5/2,±(2l+1)/2(ωr):

Aϕ = M5/2,±(2l+1)/2(ωr)
sin2 θ

l(l + 1)
P ′

l (cos θ) cosωt

and describe the field at large enough distances from the rod.
(8) These solutions are not “pure states” of the field and constitute some

superpositions of the solutions considered above (0.2). The solution
exposes l conical directions from the source, in which amplitude of the
wave is zero.



CHAPTER 4

Magnetic burst

. . .

(0.1) g(l) =
2π

l

∞
∫

0

duφ(u) cos lu

(0.2) φ(s) =































H0

π2s

(

1
√

b2 − s2
− 1
√

a2 − s2

)

, s < a

H0

π2s
√

b2 − s2
, s ∈ [a, b].
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where the box function ϑ(h − |z|) is to be expanded over the cosines of z.
The Fourier-transform of this function is known [15]:

ϑ(h − |z|) = 2

∞
∫

0

sin kh cos kz

k
,

hence, at t = 0 the strength is

ρ−1H0 = −2

∞
∫

0

sin kh cos kz

k

∞
∫

0

dllg(l)J1(lρ)

where the function g(l) is given by the equation (0.1), the function φ(u) by
the equation (0.2). Finally, we have the following amplitude as a function of
frequency of radiation of a magnetic burst of a hub coil:

f(ω) =
sinh

√
ω2 − l2√

ω2 − l2
g(l).

Other observables like energy spectra if given frequency bands can be obtained
from this function. Since this function has zeros, spectra of magnetic bursts
seem to possess the same peculiarity. This peculiarity can be used for testing
bursters models in astronomy.

1. Conclusions

Results presented in this chapter, consist in the following.

(1) The phenomenon of free propagation of lines of force, whose shape is
fixed, is interesting by itself. In this chapter we have considered the
phenomenon of burst of toroidal magnetic field.

(2) Maxwell equations for toroidal fields separate in round cylinder, spheri-
cal and spheroidal coordinates and reduce to ordinary differential equa-
tions.

(3) Maxwell equations for toroidal fields separate in round cylinder, spheri-
cal and spheroidal coordinates and reduce to ordinary differential equa-
tions.

(4) The burst of a hub coil can be described in round cylinder coordinates,
but this description contains very complicated integrals. Calculation
of these integrals also is a subject of special investigation, which goes
beyond the scope of our book.

(5) Nevertheless, a model of this phenomenon is built and amplitude as a
function of frequency is obtained in terms of the same integrals.
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(6) As a result, we have a qualitative description of the spectra which ex-
poses the following peculiarity of frequency spectra: most likely, they
have zeros. This peculiarity can be used for estimating sizes of bursters
or for testing their models.





CHAPTER 5

Conclusions

Like the notion of point-like electric charge, which is the most fundamen-
tal source of electric filed in electrostatics, the notion of point-like dipole with
varying dipole moment plays the role of the most fundamental source of elec-
tromagnetic field in classical electrodynamics. As a source of non-stationary
electromagnetic fields, a point-like dipole appears in, at least three fundamen-
tal forms, a Hertz dipole, a rotating dipole and an instantly polarized particle.
Though the problems of field produced by these three sources are equivalent,
their solutions need different approaches, particularly, the latter seem to be the
simplest illustration of the meaning of retarded potential. However, geometric
appearance of its field exposes an unexpected property. It turns out that lines
of force of its field have endpoints which cannot exist unless there are electric or
magnetic charges in the space. On the other hand, due to the problem defini-
tion, there are neither electric nor, the rather, magnetic charges in the space, so,
the problem of an instantly polarized particle required more thorough studies.

The firs idea is that the method of retarded potentials needs some minor
modification to remove the charge density which appears on the luminal sphere
r = t. It seems to be clear how to modify it, because, on one hand, the same
should happen in the case of magnetic dipole, and on the other hand, if magnetic
field is represented in terms of vector potential, its lines of force cannot have
endpoints by construction. Indeed, representation of the strengths via the vec-
tor potential and replacing retarded potentials with retarded strengths removes
endpoints of the lines of force and the problem seems to be solved. However,
it turns out that this modification of the method of retarded potential does
not provide solutions of the Maxwell equations in the case of smoothly varying
dipole moment. Nor another possible modification which contains a gradient
transformation cut with the step function ϑ(t−r) helps and as our ideas of pos-
sible modifications of the method of retarded potential are exhausted, it remains
to conclude that Maxwell equations should be solved as they stand. After all,
Maxwell equations are as linear as numerous equations of mathematical physics
which are always being solved by the method of variables separation, whose so-
lutions constitute an orthonormal basis in a Hilbert space and provide the most
general solutions of the corresponding problems. Only Maxwell equations are
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excepted from this general scheme. Maxwell equations have not been solved
this way even in the simplest case when the field is produced by a point-like
dipole. This situation apparently needed to be improved.

Usually, the main difficulty encountered when solving the Maxwell equations
is to decouple the components. But in the case of point-like dipole the field
potential has only one non-zero component Aϕ, so this problem does not appear.
The equation for this component could well be derived in the framework of more
or less standard mathematics. The only difficulty arises because one needs to
find curl of a vector whose components are referred to non-parallel frames which
naturally appear in spherical coordinates. It has been shown in the literature
(see, for example, the books [12, 13]) how to do it in terms of the standard
vector analysis. In this book we have exposed derivation of the equation in
terms of exterior differential forms that gives exactly the same result. This
exposition is more useful because it can be applied not only in round cylinder
or spherical coordinates, but also in all possible coordinate systems for the space
or the space-time. The first thing leaping the eyes is that the genuine equation
for the ϕ-component completely differs from the d’Alembert equation used and
the underlying base of the theory of retarded potentials.

Moreover, the equation obtained separates and solves in terms of special
functions. The exact solution for the field of Hertz dipole is expressed in Whit-
taker functions and has nothing to do with retarded potentials, though coincide
with them at infinity. As solution of the H. Hertz problem was obtained, we
passed to its generalizations. Usually a point-like dipole serves as a model
of a simple antenna which is a thin conducting rod in form. So, the nearest
generalization of this problem is that of electromagnetic oscillations of a thin
conducting rod. Solution of this problem requires usage of prolate spheroidal
coordinates in which again one needs to take curl of a vector referred to the
frames which appear in this coordinate system. This time the standard vector
analysis cannot help and the only way to do it, is to apply the theory of exterior
differential forms.

The corresponding vector potential is represented by the only non-zero com-
ponent Aϕ and we derived the corresponding equation by replacing it with the
1-form α = A dϕ. The equation separates and reduces to uncoupled ordinary
differential equations whose solutions are unknown transcendental functions
which hardly could appear in the form of retarded potentials. However, the
solution is outlined and can be used for the need of the antennas theory. In this
case the theory took the standard form of an ordinary linear theory, in which
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particular solutions of the main equation constitute a functional basis of “pure
states” in a Hilbert space as in quantum mechanics.

Besides, there exists one more phenomenon of free propagation of lines of
force, but unlike that of instantly polarized particle, these lines have no end-
points because they are closed by definition. Moreover, unlike the field of in-
stantly polarized particle, this field is nowhere stationary. Free propagation of
round lines of force occurs after magnetic burst. An initially pumped closed coil
can release its magnetic field if it suddenly loses conductivity that may well be
realized practically. Its field remains toroidal and propagates in the outer space
freely. To describe it one needs the corresponding solutions of the Maxwell
equations. Solutions of these ordinary differential equations are known only
for round cylinder and spherical coordinates. As for spheroidal ones, a special
investigation is needed to create a theory of the class of corresponding special
functions.

Besides, there exists an opportunity to describe a burst of a hub coil, because
in this case the field equation can be this solved in round cylinder coordinates
and its particular solutions are products of well-known functions. However,
this description contains very complicated integrals. Calculation of these in-
tegrals also is a subject of special investigation, therefore the only goal which
we managed to reach towards composing a theory of magnetic burst, is finding
the following peculiarity of their spectra. It turns out that spectra of mag-
netic burst have zeros which, theoretically, make it possible to estimate size of
a burster. So, in this book we have exposed the whole of theory of the Hertz
dipole and related phenomena.





Appendices

1. Appendix A. Calculation of ∇ · ~E for retarded potential of Hertz

dipole

Divergence of the strength ~E in this case is ([5], equation (6.32))

(.1) ∇ · ~E = △Φ +
∂2Az

∂t∂z
,

where Φ and Az are given by the equations (2.2). These components of the
potential yield totally four distinct expressions with powers of ω from 0 to 3 as
a common factor. They will be considered separately. First, we consider the
terms which are identically zero. One of them corresponds to the power 0 and
another has the common factor ω3. The earlier is identically zero

cos ω(t − r) △
(

− z

r3

)

≡ 0

because the Laplacian is taken of the static potential of a dipole. Now we need
the following auxiliary calculations:

△ sin ω(t − r) = −2ω cosω(t − r)

r
− ω2 sinω(t − r).(.2)

△ cos ω(t − r) =
2ω sinω(t − r)

r
− ω2 cosω(t − r).

Thus, right now we need only the second term in the first line. Similarly,

(.3)
∂2

∂t∂z
sinω(t − r) = ω2∂r

∂z
sin ω(t − r)

Substituting these results and the components of the potential (2.2) into the
equation (.1), yields for the ω3-term:

ω3

(

−z sin ω(t − r)

r2
+

z sin ω(t − r)

r2

)

≡ 0

and it remains to calculate the ω- and ω2-terms.
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The ω2-term consists of contributions of Φ, which is

2ω

(

∇ z

r2
· ∇ sinω(t − r)

)

+
z

r3
ω2 cos ω(t − r)

where the second term comes from one of equations (.2), and contribution of
A, which is

ω2 sinω(t − r)
∂

∂z

1

r
.

Calculation of the earlier yields the following:

2ω

r2
∇z · ∇ sinω(t − r) − 4ωz

r3
∇r · ∇ sinω(t − r) +

+
ω2z

r3
ω2 cosω(t − r) = −3z

r3
ω2 sin ω(t − r).

Contribution of the spatial component differs from it only by a numerical coef-
ficient and as the result the ω2-term is

2ω2z

r3
ω2 sin ω(t − r) 6= 0.

The ω-term is non-zero too. Note that the component Az of the potential
does not contribute it, so, the desired expression is

ωz sin ω(t − r) △ z

r2
− 2∇

(

z

r3
· ∇ cos ω(t − r)

)

that is

−2ωz

r4
sinω(t − r) 6= 0.

Finally, we have divergence of the strength ~E:

(.4) ∇ ~E =
2ω2z

r3
ω2 sinω(t − r) − 2ωz

r4
sin ω(t − r).

This expression specifies electric charge density needed to produce electric
strength corresponding to the retarded potential of a Hertz dipole (2.2). In
almost all books on classical electrodynamics the retarded potential is repre-
sented in erroneous form which does not contain the time component Φ as it
should be in case of pure radiation. However, in this form the divergence of ~E
is non-zero too. This value can be calculated straightforwardly with use of the
formula for divergence of a vector in spherical coordinates found in the book
[12], equation (92) on the page 52. Divergence of this component has the form

1

r sin θ

∂

∂θ
(E sin θ)
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and since other components are zero, this expression is exactly ∇ · ~E. It can
be zero only if Eθ is proportional to inverse sin θ. However, the expression for
~E contains only positive powers of sin θ. Consequently, ∇ · ~E 6= 0.

2. Appendix B. Reduction of the equation for Aϕ in various

coordinate systems

. . .
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